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Abstract. Degenerate hyperbolic equations are dealing with many im-
portant issues for applied nature. While a variety of degenerate equations
and boundary conditions, successfully matched to these differential equa-
tion, most in the characteristic coordinates reduced to Euler–Darboux one.
Some boundary value problems, in particular Cauchy problem, for the speci-
fied equation demanded the introduction of special classes in which formulae
are simple and can be used to meet the new challenges, including Delta-
problems in squares that contain singularity line for equation coefficients
with data on adjacent or parallel sides of the square. In this short commu-
nication the generalized Euler–Darboux equation with negative parameters
in the rectangular region is considered.
1 Introduction.
Statement of the problem and boundary condi-
tions
Degenerate hyperbolic equations occur in many important problems of dy-
namical systems and in questions of applied nature: the theory of infinites-
imal bending of surfaces of revolution, the membrane theory of shells, in
plasma magnetohydrodynamics, gas dynamics. With all the variety of de-
generated equations and boundary conditions it is successfully matched to
the given differential equation, the latter equation in the characteristic co-
ordinates reduces to the Euler–Darboux equations.
Some boundary value problems (Cauchy problem, in particular) for the
specified equations require the introduction of special classes in which the
formula for the solution becomes more simple in form and can be used to
solve new tasks, including Delta(∆)-problems in the squares containing the
singularity line of the equation coefficients with the data on adjacent or
parallel sides of the square (directed by A. M. Nakhushev).
The first works on Delta(∆)-problems on sets representing the union of
two characteristic triangles of hyperbolic equations were works of T. S. Kal-
menov [1], V. F. Volkodavov, A. A. Andreev [2], A. M. Nakhushev [3]. The
development of Delta-problems was done in the number of works of other
authors, from which we should mention [4–7].
Unlike the previous in the present work the formulation of problems ∆2
are on the set, which includes four of the characteristic triangles. The gen-
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eralized Euler–Darboux equation with negative parameters is considered:
Uξη −
p
η − (sgn η) · ξ
Uξ +
p
(sgn η) · η − ξ
Uη − (sgn η) · λU = 0, (1)
Figure 1: *
Region D
0 < p < 1/2, |λ| < ∞ in the rectangu-
lar region D bounded by characteristics
of equation (1) ξ = 0, ξ = h, η = h,
η = −h (h > 0), containing within it-
self two lines of singularity of coefficients
η = ξ and η = −ξ. For equation (1) in
the region D the formulation of bound-
ary value problems ∆2 with the given
values of the sought solution on the par-
allel sides of the rectangle, with the con-
ditions of conjugation with respect to
the solution and its normal derivative
as lines of singularity of the coefficients,
and the internal characteristic of the line
are studied. The unique solvability of
problems is proved by integral equations method. Problems are solved in
the special class of functions introduced by authors in [8].
2 The solution of the problem
Considered boundary conditions for equation (1) in the rectangular region
D at the parallel sides of the rectangle are of the following form:
U(ξ, h) = ϕ1(ξ), U(ξ,−h) = ϕ2(ξ), 0 ≤ ξ ≤ h.
On lines of the singularity of η = ξ, η = −ξ and on characteristic η = 0 the
continuity of the sought solution is gluing on.
Relatively to normal derivatives two cases are considered of the pairing on
the lines ξ = ±η. In the first case Frankl’s condition of occlusion is imposed
(Problem ∆∗2):
ν1(ξ) = lim
η→ξ+0
(η − ξ)−2p(Uξ − Uη) = − lim
η→ξ−0
(ξ − η)−2p(Uξ − Uη) = −ν2(ξ),
ν3(ξ) = lim
−η→ξ−0
(η+ξ)−2p(Uξ+Uη) = − lim
−η→ξ+0
(−ξ−η)−2p(Uξ+Uη) = −ν4(ξ),
0 < ξ < h.
In the second case the gluing is carried out on the continuity of normal
derivatives ν1 = ν2; ν3 = ν4 (Problem ∆2). In both tasks, ∆2 and ∆
∗
2, in
characteristic η = 0 pairing sets:
lim
η→0+0
(∂U
∂η
−
∂U
∂ξ
)
= lim
η→0−0
(∂U
∂η
+
∂U
∂ξ
)
.
2
The basis for the decision of tasks in view is taken, obtained by the
authors [8–10], the solution of Cauchy problem of the special class Rh, which
is in one of four characteristic triangles that make up the region D, has the
form (0 < ξ < η < h):
U(ξ, η) =
∫ h
η
T1(s)(s− ξ)
p(s− η)p F0 1
(
1 + p;λ(s− ξ)(s− η)
)
ds+
+
∫ η
ξ
N1(s)(η − s)
p(s− ξ)p F0 1
(
1 + p;−λ(η − s)(s− ξ)
)
ds,
where N1 = k1T1 − k2ν1; k1, k2 = const;
F0 1
(
α; z
)
=
∞∑
n=0
zn
(α)nn!
.
Formulas for Cauchy problem solutions in three other characteristic tri-
angles are not given. They also contain an unknown functions Tk, Nk, k =
2, 3, 4, which are searched in the class of continuous in the interval (0, h) and
absolutely integrable functions on [0, h].
The solution of the Problem ∆∗2 is reduced to the set of integral equations
of the form ∫ h
ξ
T (s)(ξ − s)p F0 1
(
1 + p;λs(s− ξ)
)
ds = Φ(ξ, λ),
the unique solvability of which takes place when the following conditions are
imposed on the given functions:
ϕi(ξ) ∈ C
(2)[0, h], ϕi(0) = ϕ
′
i(0) = 0, i = 1, 2,
ϕi(ξ) = (h− ξ)
1+p+εϕ∗i (ξ), ε > 0,
∫ h
0
ϕi(s)(h− s)
−p−2ds = 0.
When you run these conditions the only solution of the problem ∆∗2 is
given explicitly.
The complete study of the problem of ∆2 has managed to get only if
λ = 0. In this case, its solution is reduced to a set of integral equations of
the first kind with Cauchy kernel:
∫ h
0
µi(s)ds
s− ξ
= Φ∗i (ξ), i = 1, 2; µ1 = (h− s)
psp[ν1 − ν3],
µ2 = (h− s)
psp−1[ν1 + ν3]. (2)
Φi
∗(ξ) depends only on the given functions ϕi.
3
3 Discussions of solutions
Following the theory of singular integral equations [11], conditions imposed
on the given functions ϕ under which there is the solution of equations (2)
(not unique), and solvability conditions of equations (2), and, consequently,
of the Problem ∆2.
1. If ϕi(ξ) ∈ C[0, 1], ϕ
′′
i ∈ C(0, 1), ϕ
′′
i are absolutely integrable on [0, h],
i = 1, 2, then solutions of equations (2) have the form [11]:
µ1 = −
1
pi
√
ξ
h− ξ
∫ h
0
√
h− y
y
·
Φ∗1(y)
y − ξ
dy,
µ2 = −
1√
ξ(h− ξ)
(
1
pi
∫ h
0
√
(h− y)y ·
Φ∗2(y)
y − ξ
dy +A0
)
, A0 = const.
2. If the existing conditions to add
ϕ′1(h) + ϕ
′
2(h) = 0, but ϕ
′
i(h) 6= 0, i = 1, 2,
then the second of equations (2) is uniquely solvable:
µ2 = −
1
pi
√
h− ξ
ξ
∫ h
0
√
y
h− y
·
Φ∗2(y)
y − ξ
dy.
In conclusion, we note that for the problem definition authors were in-
spired by results, published in the work of I. V. Volovich, O. V. Groshev,
N. A. Gusev, E. A. Kuryanovich [12].
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